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In this paper, we numerically and experimentally study the waveguiding of Lamb modes in a thin plate with
a periodic stubbed surface and propose a frequency-selection method based on the found complete band gaps
of Lamb waves in the periodic structure. In the numerical simulations, we employ finite-element method to
analyze the waveguiding effect of a line defect created in the periodic plate structure; and on the experimental
side, we utilize a pulsed laser to generate broadband elastic-wave energy and a laser interferometer to receive
the wave signals inside the line-defect waveguide. In the experiment, well-confined acoustic energy in the
acoustic band gaps is observed. Furthermore, a polyline sharply bent waveguide is designed and used for the
frequency selection of Lamb waves. Measurements show that acoustic energy with frequencies in the band
gaps can be separated out and guided by the bent waveguiding route. The characteristics of deaf bands found
in the experiment are discussed as well.

DOI: 10.1103/PhysRevB.79.104306 PACS number�s�: 43.35.�d, 42.62.�b, 63.20.�e, 46.40.Cd

I. INTRODUCTION

Over the last decade, propagation of bulk and surface
acoustic waves in the periodic structures called phononic
crystals �PCs� has attracted a lot of interests due to their
renewed physical properties.1–11 The existence of band gaps,
the frequency ranges in which acoustic-wave propagation is
forbidden, in such periodic structures has led to a variety of
potential applications, such as filters, efficient acoustic
waveguides, etc.12,13 Moreover, several studies related to the
propagation of Lamb waves in plate structures comprised of
PCs have been presented recently. On considering the so-
called phononic-crystal plates, the frequency band structure
of acoustic waves propagating in the plates composed of two
different kinds of solid constituents periodically arranged
have been studied numerically14,15 and experimentally.16 The
released results showed that in addition to the filling factor,
the ratio of the slab thickness to the lattice period is a key
parameter to the existence of complete band gaps. Specifi-
cally, Bonello et al.17 investigated Lamb wave modes in a
silicon plate coated with a very thin two-dimensional �2D�
phononic film and found the appearance of ministop bands at
the edges of the first and second Brillouin zones by means of
laser ultrasonic technique. Instead of coating thin film on
plates, Lamb waves in a plate with an engraved periodic
grating were investigated by Morvan et al.18 For higher-
frequency demonstration, Mohammadi et al.19 experimen-
tally resolved the high-frequency gaps created by a micro-
structure of periodical cylindrical air holes in a silicon plate.
In a recent paper, Wu et al.20 numerically and experimentally
demonstrated the existence of complete band gaps and reso-
nant characteristics in a plate with a periodic stubbed surface.
The investigation shows that a complete band gap is opened
up as the height of the stubs increases up to about triple the
plate thickness, and the energy can be trapped in the resonant
stubs on the plate surface. On the other hand, some features
of low-frequency gaps in similar structures were also pro-
posed simultaneously.21

Based on the complete frequency band gaps of acoustic
waves in the structure proposed in Ref. 20, we further inves-

tigate the waveguiding effect in the plate with a periodic
stubbed surface and apply the effect to design a defect-
contained structure for frequency selection of Lamb waves in
this paper. Sections II–V are organized as follows. First, de-
tailed evolution of the complete band gaps and the propaga-
tion of guided modes in the stubbed phononic plate with a
line defect are discussed and studied numerically using the
finite-element �FE� method with the COMSOL MULTIPHYSICS

program.22 Next, the laser ultrasonic experiments are accord-
ingly conducted to demonstrate the guiding effect on Lamb
waves in the line-defect PC structure. Then based on the
effect, a design for the frequency selection of Lamb waves in
the PC with a polyline waveguide is proposed; furthermore,
measured results of the frequency selection by using laser
ultrasonic techniques are presented. Finally, some conclu-
sions are given.

II. FORMATION OF BAND GAPS IN A THIN PLATE
WITH A PERIODIC STUBBED SURFACE

In this section, the evolution of the band gaps in a thin
plate with a periodic stubbed surface is studied first by
gradually increasing the height of the stubbed cylinders.
Consider a thin plate �plate thickness of h1=1 mm� with
periodic cylindrical stubs on one of the plate surfaces �a unit
cell of the structure is shown in Fig. 1�a��. The material
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FIG. 1. �Color online� �a� Schematic of a unit cell of the PC
plate with a periodic stubbed surface and �b� the corresponding first
Brillouin zone. Gray area in �b� is the irreducible part of the zone.
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chosen to constitute the whole structure is aluminum 6061.23

The cylindrical stubs are arranged in square lattice with a
lattice constant a=10 mm. The diameter of the cylindrical
stubs is d=7 mm and the filling factor defined as F
=�d2 /4a2 is 0.385. For waves propagating along the �-X
direction in the first Brillouin zone �referring to Fig. 1�b��,
the calculated dispersion relations are shown in Fig. 2. The
height of the stubs increases from one time of the plate thick-
ness �h1� gradually up to 10h1. When the height of the stubs
increases, some resonances are formed and thus result in
slower wave velocity and flatter bands20 near the edge of the
Brillouin zone �i.e., at the X point�. We note that as the stub
height is about three times that of the plate thickness, i.e.,
h2=3h1, some narrow complete band gaps, the frequency
ranges with shade in blue color in Fig. 2, start forming.

From Fig. 2, one can observe that as the stub height in-
creases gradually, many bands originally crisscrossing in the
dispersion curves start to separate at their intersections. The
repelling of the bands finally results in different individual
curves where each curve is composed of several evolved
segments of old bands from the case of a uniform thin plate
without the stubs. As a result of the repulsions, the mode
coupling is resulted.10 This evolution due to the existence of
the stubs on the surface of the thin base plate makes the
dispersion curves possess much more complicated vibrating
modes. Each of these resulted modes in the dispersion curves
could be composed of symmetric �denoted by S0, S1, etc.�,
antisymmetric �denoted by A0, A1, etc.�, and transverse �de-
noted by T0, T1, etc.� vibrations or some of them. To be
specific, the coupling modes of the lowest seven evolved
dispersion curves and the evolution of the curves are identi-
fied in Fig. 2. These coupling modes can be considered as
quasimodes related to several of the plate modes in the uni-
form thin plate. For example, the band labeled with the num-
ber 2 is transformed from the T0 and A1 modes of the uni-
form thin plate.

Moreover, Fig. 2 also shows that the dispersion curves are
getting flatter and flatter as the stub height increases. This
effect could be explained by that the growth of the stubs on
the plate causes the resonance that induces the flat bands
because the acoustic energy is trapped by the periodic stubs.
The phenomenon of energy trapping by periodic array of
mechanical resonators had been shown in the surface wave
propagation.24 Increasing the height of the stubs lowers the
resonant frequencies and enhances the mutual repelling of
the bands. As a result, the band gaps are opened up and then
widen. Specifically, as the stub height h2 is equal to 9h1, the
width of the complete band gap is the largest, which ranges
from 119 to 157.5 kHz with a relative gap width equal to
27.8%. Note that when h2 is smaller and between the values
3h1 and 6h1, the lowest band gaps connecting to the low-
frequency ranges are opened up as complete band gaps rather
than partial band gaps.21 When the stub height is further
increased to ten times of the thickness of the base plate, i.e.,
h2=10h1, a complete band gap appears from 114 to 143 kHz,
and three partial band gaps appear at the same time, as
shown in the final plot of Fig. 2. To give more intuitive
understanding of the band-gap formation, the displacement
fields of eigenmodes at several gap-edge frequencies marked
in Fig. 2 �the points L1, U1, L2, U2, L3, and U3� are plotted
in Fig. 3 to show how the stub height influences the evolu-
tion of the dispersion curves. Figure 3�a� shows the displace-
ment field of L1 mode at the bottom-edge frequency of the
first gap. This field displays significant vibrations concen-
trated in the stub that behave as a lower-order bending wave
in a cantilever beam. It can be observed that the stub height
associates with quarter wavelength of the bending mode.
Therefore, when the stubs are taller, the eigenfrequency of
L1 mode becomes lower. From Fig. 2 with the variation in
stub height h2, a simple approximate relation between the
stub height and the eigenfrequency of the bottom-edge mode
L1 of the first gap can be given by fL1h2=190 m /sec. The
displacement field of the U1 mode at the upper-edge fre-
quency of the first gap shown in Fig. 3�b� has similar char-
acteristics to L1 mode, but the stub motion accompanies
bending with some twisting vibration. Similarly, the approxi-
mation fU1h2=245 m /sec can be arrived. Moreover, the dis-
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FIG. 2. �Color online� Variations in dispersion curves along the
�-X direction with increasing stub height. The frequency ranges
with shade �in blue color� denote the complete band gaps.
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FIG. 3. �Color online� Displacement fields of several gap-edge
modes at the points L1, U1, L2, U2, L3, and U3 labeled in Fig. 2.
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placement fields of the gap-edge modes L2 and U3 shown in
Figs. 3�c� and 3�f� also have obvious vibrations concentrated
in the stubs; their eigenfrequencies, therefore, are inversely
proportional to the stub height. The formation of the band
gaps relies on the resonance of the stubs to induce the flat
low-lying bands. On the other hand, the gap-edge modes U2
and L3 exhibit very different characteristics. From Figs. 3�d�
and 3�e�, the displacement fields of U2 and L3 modes show
that the vibrations are mostly localized in the thin plate, and
the stubs remain almost vibrationless. As a result of the vi-
brationless stubs in U2 and L3 modes, changes in the stub
height will not significantly influence the values of the eigen-
frequency of U2 and L3 modes.

The case of the structure with h2=10h1 is of interest and
considered eventually in our experiment by two reasons. �1�
Three partial band gaps along the �-X direction in this case
are found. With these additional partial band gaps, the phe-
nomenon of band gaps can be expressed more evidently. �2�
A nearly flat band evolved from the antisymmetric and sym-
metric �A1 and S0� modes20 with frequency around 110 kHz
is found between two band gaps; the modes of this nearly flat
band may result in obvious resonances and are expected to
be measured in experiment. The full picture of dispersion
relations for this structure calculated along the boundaries of
the corresponding irreducible first Brillouin zone �i.e., along
�-X-M-�� can be seen on Fig. 2 of Ref. 20.

In Ref. 20, the experimental characterizations of the band
gaps for this structure by using the laser ultrasonic tech-
niques showed that acoustic energies with frequencies in the
complete and partial band gaps exhibit much lower intensi-
ties in the measured spectra which agree well with the nu-
merical result �Fig. 2 of Ref. 20� and correspond to the fact
that Lamb waves with frequencies in the gaps attenuate dur-
ing the propagation. In addition, some resonant peaks ap-
pearing at some of the band-edge frequencies, such as at 19
�the bottom edge of the first partial band gap�, 100, and 109
kHz �the bottom and upper edges of the second partial band
gap, respectively�, where the slopes of the frequency bands
approach zero which associate with high density of states of
Lamb modes, were observed. In addition, the eigenmode
analysis by FE method also showed that there exist strong
vibrations either in the base plate or in the stubs at these
frequencies where the resonant peaks appear. Moreover, a
frequency range �about 66–100 kHz� in the measured spectra
corresponding to no band gaps and exhibiting low intensity
was also found. The frequency bands in this range are re-
ferred to as the deaf bands due to ineffective excitation of the
modes by the given source.

III. STRAIGHT WAVEGUIDE

Based on the measurement of the complete band gap in
the plate with a periodic stubbed surface demonstrated in
Ref. 20, a further application to 2D guiding structure for
Lamb waves is conducted and investigated by numerical cal-
culations and laser ultrasonic experiments25,26 in this section.
In the numerical study, a line-defect waveguide produced by
removing one row of the stubs from the perfect periodic
structure is considered. The geometrical parameters of the

defect-contained structure are the same as the scales consid-
ered in the final plot of Fig. 2 �i.e., a=10 mm, h1=1 mm,
d=7 mm, and h2=10 mm� but one row of the stubs has
been removed. To execute the numerical calculation, a FE
structural model containing five unit cells, referred to as a
1�5 supercell, is set up, where the stub in the third unit cell
is removed in the model �see Fig. 4�b��. Then by applying
the Bloch periodic boundary conditions to the 1�5 supercell
model, the frequency band structure is obtained and shown
in Fig. 4�a�. In the figure, it can be clearly observed that
some additional frequency bands, which correspond to the
existence of defect modes localized in the waveguide, appear
inside the complete band gap. Specifically, consider the de-
fect mode with frequency in the complete band gap marked
by the red circle in Fig. 4�a� with the reduced wave number
ka /�=0.25 and frequency f =126 kHz. The intensity of the
displacement field of the mode is plotted in Figs. 4�b�–4�d�
from three different views, respectively. In these figures, it is
obvious that most of the elastic-wave energy is well confined
within the area of the line-defect waveguide.

To confirm the feasibility of the waveguiding of Lamb
waves experimentally, a real PC thin plate with a stubbed
surface containing a line-defect waveguide is manufactured
by a mechanical machining process. In the experiment, mea-
surements are in the straight waveguide and the receiver �la-
ser interferometer� is five rows apart from the source �ap-
plied by Nd:YAG pulsed laser�. The scales of the phononic
unit cell in the realized structure are the same as that consid-
ered in the model of the numerical calculations, i.e., a
=10 mm, h1=1 mm, d=7 mm, and h2=10 mm, and the
structure is made of aluminum 6061. Also, the machining
process for the structure with a maximal fabrication tolerance
of less than 50 �m is achieved, and the edges of this experi-
mental specimen are extensive enough to avoid the influence
of the reflected wave from the boundaries. Figure 5 shows
the experimental reference spectrum, which is defined as the
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FIG. 4. �Color online� �a� Band structures along the �-X direc-
tion for the phononic crystal containing a waveguide produced by
removing one row of the stubs. The waveguide is considered as 1
�5 supercell in the y direction with the line defect along the x
direction. �b�–�d� are the eigenmode shapes corresponding to the
red circle marked in �a� with different viewpoints, respectively.
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ratio of the spectrum measured on the defect-contained
stubbed PC plate to that measured on a uniform plate with
thickness equal to 1 mm. The digitized sampling rate for the
signal from the interferometer is 50 MHz so the spectrum in
good resolution is obtained. In the figure, the frequency
ranges in blue and green colors are, respectively, correspond-
ing to the complete and partial band gaps of the perfect struc-
ture without the defect. From the figure, it can be observed
that the acoustic energy with frequency in the complete band
gap is well confined to propagate in the waveguide so that
the high-intensity spectra in the gap are received in the mea-
surement. Also, the confinement of the energies within the
three partial band gaps in the �-X direction is obtained in the
spectrum. As a result of the experiments, the measured spec-
trum agrees very well with the numerical prediction about
the band gaps. By contrast, for the waves with frequencies
not in the band gaps, the energy could freely radiate out
without effective blocking by the band-gap effect. It is worth
noting that in Fig. 5, there are four arrows that indicate four
points of relatively low intensities in the reference spectrum.
The locations of these four frequencies are at 20, 100, 110,
and 205 kHz, which totally match the values of the resonant
frequencies measured in Ref. 20. This special phenomenon
can be explained by the reason that acoustic energies in the
resonant frequencies are trapped and localized inside the
phononic structure on the way to the receiver during the
propagation along the waveguide. As a result, only very little
acoustic energies may propagate through the waveguide

when their frequencies are the same as the frequencies of
resonance, and thus, the relatively low intensities at those
frequency values resulted in the measured reference spec-
trum. In addition, in Fig. 5, the measured spectrum exhibits a
range of high intensity �the pink region�, corresponding nei-
ther to the complete band gap nor to the partial band gaps.
This frequency range shows the location of the deaf band
associated with this acoustic-wave generation by the pulsed
laser and will be further discussed at the end of Sec. IV.

IV. POLYLINE BENT WAVEGUIDE

Since the Lamb waves with frequencies in the band gaps
can only propagate along the line defect, i.e., the straight
waveguide, one can make a channel based on the stubbed PC
plate to control or guide the energy flow of the waves two
dimensionally if the band gap is complete or omnidirec-
tional. In this section, a design of a bent waveguide created
in the PC plate used for frequency selection of Lamb waves
is proposed, and results of laser ultrasonic measurement are
demonstrated. The bent waveguide is formed with two-
graduation turns produced by removing some of the stubs
from the PC plate, and the schematic of the designed and
fabricated structure is shown in Fig. 6. In the specimen, in
order to avoid the influence of the reflected waves on the
measured reference spectrum, some additional protruded
thin-plate regions around the waveguide structure are re-
served. To clearly explain the idea of designing this special
waveguide, one can refer to Fig. 6�a� where when broadband
elastic waves are generated in the thin plate, all the waves
with frequencies either outside or inside the complete band
gap are incident. It may be properly judged that most of the
energy of those waves with frequencies outside the complete
band gap may propagate straightforwardly through the
phononic plate structure; however, for the waves with fre-
quencies inside the complete band gap, the traveling acoustic
energy cannot keep going straight because there are no al-
lowed propagating modes for the wave to propagate into the
stubbed regions. The incident waves are, therefore, com-
pelled to make a turn and propagate along the polyline bent
waveguide. Based on this simple prediction, it is encourag-
ing to study this phenomenon experimentally.

For comparison, measurements of the ultrasonic signals
are carried out at points a, b, c, and d, respectively, shown in
Fig. 6�b�. Note that the spectrum measured at point a �55 mm
apart from the source� is a broadband signal that covers well
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the frequency range below 250 kHz so it is regarded as the
reference corresponding to the measurements at other points
�i.e., the points b, c, and d� in the following.

Figure 7 shows the reference spectra of the measurements
at points b �red dashed line�, c �black dotted line�, and d
�blue solid line�, where the reference spectrum is defined as
the ratio of the spectrum measured at the considered point to
that measured at point a. For the measurement at point b,
which is 60 mm apart from point a, the reference spectrum
exhibits several peaks that associate with the resonance of
the flat pass bands in the frequency band structure �the final
plot in Fig. 2�. Also, it can be observed that very low inten-
sities are displayed in the ranges corresponding to the com-
plete �from 114 to 143 kHz� and partial band gaps. Since the
periodic stubs are ordered between points a and b, the mea-
surement at point b is, therefore, intrinsically associated with
the characteristics of waves in the perfect periodic structure
�see Ref. 20�. Now observe the spectra measured at point c
and point d located inside the waveguide. An interesting phe-
nomenon is found that in the band-gap frequency ranging
from 114 to 143 kHz, the intensities of the spectra are obvi-
ously outstanding rather than sunken, with values of about
0.3 and 0.2. That is to say, the original broadband acoustic
signals at point a are separated into the resonant energy with
frequencies outside the complete band gap and guided en-
ergy within the complete band gap propagating along the
bent waveguide. In other words, waves with frequencies out-
side the complete band gap may propagate straightforwardly,
and waves with frequency within the complete band gap
must propagate along the polyline bent waveguide. Based on
the experimental results, we may conclude that the measured
results conform to the prediction about the band-gap appli-
cation schemed in Fig. 6�a�, and the proposed phononic
waveguide structure in the surface-stubbed plate may be
characterized by the selection of acoustic frequency. On the
other hand, an apparent attenuation can also be found, which
may be due to the energy lost in causing the resonance of the
periodic stubs or reflecting lost as turning. An optimized de-
sign of the bend of the waveguide could further enhance the
guiding efficiency.

Furthermore, it should be noticed that in both Figs. 5 and
7 where the frequency range is marked in pink color �66–100

kHz�, all the measured spectra in the waveguides exhibit an
obviously higher intensity in the pink-color range which cor-
responds to no band gaps. However, an outstanding signal is
still found in that region. To go a step further, this phenom-
enon is discussed in the following. On observing the band
structure in Fig. 8�a� �a zoom in of the final plot of Fig. 2�,
there are two frequency bands �the bands 5 and 6� extended
in the range from 66 to 100 kHz. Figures 8�b�–8�g� show the
displacement fields of several eigenmodes in the two bands
�modes of points B–G in Fig. 8�a��, where the arrows repre-
sent the displacement vectors of the particles. Modes B–D
belong to band 5 which is composed of A0, S0, and A1
modes, and modes E–G belong to band 6, which is com-
posed of A1 and T0 modes. For mode B with frequency f
=58 kHz in band 5, the displacement field of the thin plate is
almost a symmetric �S0� vibration. When the frequency in-
creases along band 5, mode C with f =93 kHz and mode D
with f =100 kHz show that the displacement fields of the
base thin plate gradually transform from S0 vibration into
antisymmetric �A0 and A1� vibrations. For modes E–G in
band 6, all the displacement fields of the thin plate are almost
a transverse �T0� vibration. In short, the eigenmodes are
mainly governed by the vibrations associated with the sym-
metric �S0� and transverse �T0� plate modes in the frequency
range above 66 kHz and below 100 kHz. However, the
broadband elastic waves generated by the Nd:YAG pulsed
laser are major in antisymmetric modes, minor in symmetric
modes, and absent in transverse plate modes. Therefore, in
Fig. 7, considering the frequency ranging from 66 to 100
kHz, the modes are not suitably coupling to and converted
from the antisymmetric modes that can be effectively gener-
ated by the pulsed laser to propagate in the stubbed PC plate;
therefore, most of the energy excited with frequencies in this
range can only stay in the nonstubbed regions of the plate,
i.e., the waveguides. As a result, for the laser ultrasonic ex-
citation, this frequency range behaves as a complete band
gap. In fact, modes in phononic-crystal structures which can-
not be excited efficiently by some given source or incident
waves are known as “deaf bands” and have once been found
in the ultrasonic experiment on periodic solid-fluid compos-
ites by Hsiao et al.27. Based on the existence of the deaf band
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FIG. 7. �Color online� Comparison among the spectra measured
at points b, c, and d.
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FIG. 8. �Color online� �a� Several eigenmodes of the deaf bands
in the band structure. �b� Mode B with f =58 kHz, �c� mode C with
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with selectivity due to the applied source, it is reasonable to
claim that waves with frequency ranging from 66 to 100 kHz
should appear and be measured at points c and d in this
experiment. Obviously, broadband signals can be separated
into a lot of energy flows according to the wave properties in
different frequency bands and can be measured at different
positions through a proper design of the phononic structure.

V. SUMMARY AND CONCLUSIONS

In summary, we have demonstrated the formation of the
band gaps in the plate with a periodic stubbed surface by
discussing the evolution of the dispersion curves as the
height of the stubs increase gradually. When the height of the
stubs is three times greater than the plate thickness, complete
band gaps forms, and when the stub height equals 9h1, the
complete band gap is the largest. Based on the band gaps, the
defect-contained stubbed PC plate structures with h2=10h1
are chosen to be manufactured, and then the guiding effect of
Lamb waves inside a straight line-defect waveguide is ex-
perimentally studied using the laser ultrasonic technique. The
measured results are in good agreement with the expectation
about the confinement of energy of waves by the band-gap
phenomenon. Also, the phenomenon of deaf band and the
influence of the resonance can be identified clearly in the
experiment.

As a result of the waveguiding, a phononic plate with a
polyline defect that forms a sharply bent waveguide is de-
signed and applied to use for frequency selection of Lamb
waves. The characterizations of the selectivity of frequency
are further conducted with experiments. The results show
that energy in the desired frequency range �i.e., in the com-
plete band gap� can be drawn out from a broadband signal
based on the proposed design. That is, signals with the fre-
quencies inside the complete band gap can be guided to fol-
low the designed route and be detected at the exit of the
waveguide. Moreover, acoustic energy in the deaf band as-
sociated with the given source can be controlled like those in
the complete band gap. In other words, separation of the
acoustic energy according to the ranges of the frequency by
the structure is achieved. As a matter of fact, this sharply
bent waveguide for frequency selection also provides an ex-
tra good method to examine the phenomenon of the deaf
band. Finally, we note that the results of this paper could be
further applied to innovative design of acoustic-wave de-
vices.
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